The construction by Zhang and Hu of a four-dimensional analogue of the Quantum Hall effect is generalized and recast as a purely geometrical theory, using the languages of Lie group theory and twistor theory. It emerges that the Zhang-Hu quantum liquid lies naturally in twistor space and is apparently more primitive than space-time itself, in accordance with twistor philosophy. The quantum liquid is then the glue that holds space-time together. It is argued that the theory is inherently chiral and time asymmetric, consonant with previous conjectures.
Introduction
Recently Zhang and Hu presented a groundbreaking extension of the theory of the quantum Hall effect from two to four dimensions [1] - [13] . The purpose of the present work is two-fold: to present a substantial simplification and generalization of some of their work and to discuss its relation to twistor theory [15] - [22] . The main conclusion is that, in two and four dimensions, the quantum Hall effect may be cast in purely geometrical language, the geometry being that of spinor and twistor theory. The relevant symmetry group is U(n, H) the group of all n × n quaternionic unitary matrices: a real Lie group of real dimension n(2n + 1) [14] .
• For n = 1, the group is isomorphic to the spin group in three real Euclidean dimensions, leading to the two-dimension theory of the quantum Hall effect, in the style of Haldane [6] .
• For n = 2 the group is isomorphic to the spin group in five real Euclidean dimensions, leading to the Zhang-Hu theory of the four dimensional quantum Hall effect [1] - [2] .
• For n > 2, the geometrical interpretation is presently unclear, although the n = 4 case could relate to the analysis of quantum ensembles of four dimensional universes (see below). In this interpretation, the Lie algebra of U(n, H) is extended to a graded Lie algebra (also called a superalgebra).
In the following, we first discuss the use of Grassman variables to analyze the Pfaffian matrix of a symplectic form. Then we show that the Zhang-Hu state representing at each level r the highest exterior product of the orthonormal states for that level is expressible invariantly as a simple Pfaffian matrix, provided that r is odd. To show that our version of this state is non-zero, we develop the appropriate Hilbert space theory and calculate the norm of the state directly: this norm turns out to be non-zero, so we are done.
Finally, we analyze the so-called edge-states. We show that the "edge" in question is the standard (2, 2) hyperquadric in twistor space [15] - [22] . This is a quadratic CR submanifold of C 4 with symmetry group the pseudo-unitary group U(2, 2, C) [23] - [25] . Since this group maps directly to the conformal group of real (fourdimensional) Minkowski spacetime, the structure of the hyperquadric seems to lead directly to relativity. At the particle level, it appears that the edge-states give rise to deformations of the CR structure of the hyperquadric (or of appropriate CR bundles over the hyperquadric). Such deformations are parametrized by CR first cohomology groups [25] . These groups, in turn, are well-known to correspond to massless particles [21] . Their spectrum is naturally that of one each of all possible helicities, exactly the spectrum found by Zhang and Hu. We discuss various possible limiting procedures that might be used with these edge-states and outline a possible connection with the author's previous proposals linking twistor theory, time asymmetry, string theory and the Grothendieck theory of 'dessins d'enfants" [26] - [31] .
Grassman variables
Let W be a vector space of finite dimension n, over a field F of characteristic zero; denote by W * , the dual space of W. Associated to W and W * are the tensor algebra based on W and W * and the exterior algebras of W and W * : the latter are written Ω(W) and Ω(W * ), respectively. We use the convention that for each positive integer k, the exterior product Π k i=1 w i = w 1 w 2 . . . w k of any k vectors w 1 , w 2 , . . . , w k from W is given in terms of their tensor product by the formula:
Here S k is the permutation group on k elements and sgn(τ ) is the sign of τ .
Put Ω 0 (W) = F, and for each positive integer k, denote by Ω k (W) the vector subspace of Ω(W ) spanned by all exterior products of k-vectors taken from W (in particular Ω 1 (W) = W). Also put Ω k (W) = {0}, for k < 0. The dimension of Ω k (W) is n k for 0 ≤ k ≤ n and is zero otherwise. In particular Ω n (W) is a one-dimensional vector space. Any non-zero element of Ω n (W) is called an orientation for W. The spaces Ω n (W ) and Ω n (W * ) are canonically dual, so an orientation for W gives one for W * and vice-versa.
We consider (odd) Grassman variables taking values in W. If θ is such a variable, then the polynomials in θ form an algebra naturally isomorphic to Ω(W * ). If θ and φ are two such variables, it is understood that they mutually anti-commute.
Associated to the variable θ is a natural odd derivation, denoted δ θ which takes values in W * and which obeys the normalization condition:
Here δ ∈ W * ⊗ W is the Kronecker delta tensor. The operator δ θ obeys a version of Taylor's theorem: acting on any polynomial f (θ), we have:
Here λ is any W-valued (odd) Grassman variable independent of θ, f is any polynomial in θ and A is any (even) element of W ⊗ W * independent of θ.
If θ i , i = 1, 2, . . . , k are Grassman variables, we write θ for the operator k j=1 δ θ k−j . This extracts the coefficient of k i=1 θ i from a polynomial in the θ j .
Symplectic forms, invariant Pfaffians and Determinants
Let V be a vector space over the complex field, of complex dimension 2n, with n a positive integer. Let ω be a symplectic form on V: a non-degenerate skew bilinear form on V, also regarded as an element of Ω 2 (V * ). Given ω, a symplectic basis relative to ω is a a basis {e i , i = 1, 2, . . . , 2n} of V * , such that ω has the decomposition:
Such a symplectic basis always exists.
• Let θ and φ be Grassman variables, taking values in V. Then we have the Grassman symplectic identity:
Proof: For a symplectic basis {e i , i = 1, 2, . . . , 2n} of V * , relative to ω, we put θ i = e i (θ) and φ i = e i (φ), for i = 1, 2, . . . 2n. Then we have:
Then the desired equation is checked by direct expansion. Both sides of the equation, when expanded, give the quantity (2n)! 2n j=1 θ j φ j .
Define a skew multilinear form Pf(ω) ∈ Ω 2n (V * ) on V, in 2n arguments, by the formula:
Pf(ω)(θ, θ, . . . , θ) = 1 n!2 n ω(θ, θ) n .
Then Pf(ω), called the Pfaffian of ω, is an orientation for V * . With respect to a symplectic basis for ω, we have:
Similarly, the quantity ω(θ, φ) 2n defines an element Det(ω) of Ω 2n (V * ) ⊗Ω 2n (V * ) called the determinant of ω, by the formula:
With respect to the symplectic basis considered above, we have:
. . e 2n ⊗ e 1 e 2 . . . e 2n .
Then, with these definitions, the Grassman symplectic identity becomes the following:
Note that if ω = 1≤i,j≤2n ω ij ǫ i ǫ j , where {ǫ i , i = 1, 2, . . . , 2n} is any basis of Ω 1 (V * ), and where the coefficient matrix ω ij is skew: ω ij = −ω ji , then we have ǫ Pf(ω) = pf(w) and ( ǫ ⊗ ǫ )Det(ω) = det(ω), where pf(ω) and det(ω) are the ordinary Pfaffian and determinant of the 2n by 2n matrix ω ij , respectively. Now pf(ω) and det(ω) are numbers and the Grassman symplectic identity becomes the following:
Explicitly, we have n!2 n pf(ω) = τ ∈S 2n n j=1 sgn(τ )ω τ 2j−1 ,τ 2j . For the present work a key feature of pf(ω) is that if, for 1 ≤ p = q ≤ 2n, the p-th and q-th rows of the matrix ω ij are interchanged and at the same time the p-th and q-th columns are interchanged, to preserve skewness, then det(ω) stays unchanged, whereas pf(ω) changes sign.
Quaternionic unitary and pseudo-unitary structures
Let n be a positive integer and let p and q be non-negative integers, such that p + q = n. Denote by I p,q a diagonal n × n matrix with the first p entries along the diagonal being 1 and the last q entries −1. The quaternion pseudo-unitary group U(p, q, H) is the group of all n × n matrices, M, with quaternionic entries, obeying M * I p,q M = I p,q , where M * is the transpose quaternion conjugate matrix of M. Then U(p, q, H) (isomorphic to U(q, p, H)) is a real Lie group of dimension n(2n + 1) and is non-compact unless p or q vanishes. The compact group U(n, 0, H) is written U(n, H) and is called the quaternionic unitary group. We have the isomorphisms:
Let V be a complex vector space of complex dimension 2n. Then V is said to have a quaternionic pseudo-unitary structure if V is equipped with the following:
• A quaternionic conjugation: for any v ∈ V its conjugate is denoted v. The conjugation is complex antilinear and obeys v = −v, for any v ∈ V. In particular V has no real (self-conjugate) elements. The conjugation extends naturally to the tensor algebra of V and V * , such that A ⊗ B = A ⊗ B for any tensors A and B and α.v = −α.v, for any v ∈ V and any α ∈ V * .
• A complex bilinear symplectic form, ω, that is self-conjugate: ω = ω.
Given a quaternionic pseudo-unitary structure for V, there is a natural hermitian sesquilinear form g on V, given by the formula, valid for any v and w in V:
Note that g is complex linear in its first argument and antilinear in its second. The quaternionic pseudo-unitary structure is of type (p, q), with structure group U(p, q, H), if the hermitian form g is of type (p, q); the structure is unitary, with structure group U(n, H) if g is definite. Henceforth we restrict to the quaternionic unitary case and require that g be positive definite:
• A normalized basis for the quaternionic unitary vector space V is a symplectic basis such that e 2i = e 2i−1 for i = 1, 2, . . . n and for any v ∈ V,
A normalized basis always exists for any quaternion unitary vector space V.
6
The Grassman Zhang-Hu state
For V a complex vector space of complex dimension 2n and for any positive integer r, denote by V r the r-fold symmetric tensor product of V with itself: in particular V 1 = V; also, for each v ∈ V, denote by v r ∈ V r , the r-fold symmetric tensor product of v with itself. The complex dimension of V r is given by the binomial coefficient
• For r an odd positive integer and for n a positive integer, the binomial coefficient
is even. Consequently V r has even dimension, provided that r is odd.
Proof: Put r = 2s + 1, with s a non-negative integer. Then we have the following integer identity, which gives us the required result immediately:
.
Henceforth r denotes an odd positive integer and V a complex vector space of dimension 2n with a quaternionic unitary structure. Then V r inherits from V a natural quaternionic unitary structure. Denote the symplectic form of V r by ω r , so that ω 1 = ω. The conjugation and the symplectic form ω r are normalized by the formulas, valid for any v and w in V:
• Let r be a fixed odd positive integer. Let θ be a Grassman variable taking values in V r . Put M = . Then the Grassman Zhang-Hu state ZH(θ) is, by definition:
• Let δ be the (V * ) r valued derivation dual to θ, so (v r .δ)θ = v r , for any v ∈ V. Let λ i , for 1 ≤ i ≤ 2M be Grassman variables. Then we may extract from the Grassman Zhang-Hu state a multivariate polynomial, denoted ZH(v 1 , v 2 , . . . , v 2M ), with 2M arguments taken from V, as follows:
We can rewrite this expression, using the Grassman Taylor theorem, in various ways:
Note that since r is odd, Ω r is a skew matrix and the Pfaffian of Ω r is alternating in the variables {v r i , i = 1, 2, . . . , 2M}. So provided that the Pfaffian is non-zero in general, ZH must agree up to a non-zero scale factor with the state constructed by Zhang and Hu. We will establish that the state is non-zero by introducing an appropriate norm and showing that the norm of the state ZH is non-zero.
A Hilbert space of entire functions and the norm of the ZH state
Consider the space of entire functions on V, O(V), where V is a quaternionic unitary complex vector space of complex dimension 2n, with self-conjugate symplectic form ω. We give O(V) a hermitian inner product G(f, g), defined for suitable entire f and g on V, by the formula:
Here the integration is of the top form, taken over all the real 4n-dimensional space V. The orientation is chosen so that G(1, 1) > 0. We put |f | = G(f, f ). The Hilbert space H is then the space of entire functions f , on V, with |f | finite. Define H + and H − to be the Hilbert subspaces, of H, consisting of even and odd entire functions, respectively. Also define H s , for any non-negative integer s, as the subspace of all polynomials homogeneous of degree s, with the induced Hilbert space structure; then H s lies in H + iff s is even and in H − iff s is odd. The inner product of H has many nice properties, including the following, in which a and b are any elements of V * and s and t are non-negative integers:
• The orientation condition: G(1, 1) = 1.
• G(e a.z , e b.z ) = e ω −1 (a,b) .
•
• H + and H − are orthogonal; H s and H t are orthogonal whenever s = t.
• For any f , such that f (z) and the V * -valued derivative ∂ z f (z) are normalizable, then (a.z)f (z) is normalizable and we have:
• For any normalizable entire function f , we have:
• Put (T x f )(z) = f (z − x), for any x ∈ V and any z ∈ V. Then we have that f is normalizable iff T x (f ) is normalizable, for any x ∈ V and we have:
In particular, if e i , i = 1, 2, .., 2n is an orthonormal frame for V * : ω −1 (e i , e j ) = δ ij , put z i = e i (z). Then the following monomial entire functions on V form an orthonormal frame for H:
If we restrict to the case that 2n j=1 r j = r, and to the cases that n = 1 or 2, the monomials give an orthonormal frame for H r , the same as that provided by Haldane, when n = 1 and by Zhang and Hu when n = 2. Now we may calculate the norm of the ZH state as follows:
Finally, we calculate
Then we have:
This is non-zero, so we have recovered the Zhang-Hu state, as required.
First quantization, the Hamiltonian, the spectrum and the multiplicities
The space V may be regarded as a classical phase space, with the Poisson brackets {a.z, b.z} = {a.z, b.z} = 0, {a.z, b.z} = iω −1 (a, b), for any constant vectors a and b in V * . Then the function a.z is quantized on the Hilbert space of entire holomorphic functions H, as a multiplication operator and the function b.z as the derivative operator −ω −1 (b, ∂ z ). Note that the operators a.z and a.z are mutually adjoint, with respect to the inner product of H. For any constant a and b in V * , the operator commutation relations are as follows:
The quantization of the operator j = ω(z, z) is ambiguous, up to a constant. Here we prefer to use its symmetrization:
The Zhang-Hu Hamiltonian operator, E, is a combination,
Here H is a Casimir operator formed from the generators of the U(n, H) symmetry group and J 2 is the "squared isospin" Casimir operator. The isospin algebra is the algebra of the operators z.∂ z , z.∂ z and j − j, where j = z.∂ z + n. Then we have
Then (using abstract tensor indices, for clarity [18] ) we may write
Here ω ij and ω ij are the indexed versions of ω and ω −1 , respectively (they are related by the formula ω ik ω jk = δ j i ); also the E i j = z i ∂ j + z i ∂ j are the generators of the quaternionic linear action on V. Simplifying H, gives the equation:
Note that the two operators ω ij ∂ i ∂ j and z i ∂ i mutually commute. If now we operate on a function f (z i , z j ) which is killed by each of those operators, we get:
If further f is homogeneous of degrees p in z i and q in z j , then we have:
In the cases n = 1 and n = 2, these formulas exactly agree with the Haldane and Zhang-Hu energies, respectively. The corresponding states are polynomials in z i and z j :
Here p ≥ q ≥ 0 and the tensor F i 1 i 2 ...ipj 1 j 2 ...jq obeys the following conditions:
Here, parentheses around tensor indices indicate complete idempotent symmetrization about the indices contained in the parentheses.
, where Y (p, q) is the dimension of a Young's tableau with two rows, one with p boxes the second the q boxes. Explicitly, we have:
When n = 2, we have:
(p − q + 1)(p + q + 3)(p + 2)(q + 1), again in exact agreement with the Zhang-Hu formula. In the case n = 1, a non-zero state necessarily has q = 0. Then the energy is zero and the multiplicity is p + 1, in agreement with the Haldane theory. Henceforth we deal only with the case q = 0, where the states are entire functions f (z i ). Then if f is homogeneous of degree p in z i , the energy is (n − 1)p and the multiplicity is d(p, 0) =
Second quantization and the graded Lie algebra
Second quantization enables us to deal with multi-particle states. Here, if we take the one-particle Hilbert space to be H, a k-particle state may be represented by an entire function f (z 1 , z 2 , . . . , z k ) of k-variables from V. The state is fermionic in the sense of Zhang and Hu, iff f is alternating in all its arguments. The state is at level r if it is homogeneous of degree r in each variable. In this language the ZH ground state for level r is a non-zero fermionic state at level r, of
particles and is unique up to a non-zero scaling. If such a level r is fixed, and if s is an odd positive divisor of r, the particles at levels r s are said to be 1 s -th of a particle at level r: the s-th power of a fermionic state at level r s is a state at level r.
In this work we would prefer to maintain the usual spin-statistics relation. For us the twistors are intrinsically spinorial, so entire functions that are even (those in H + ) should be bosonic in nature, whereas odd entire functions (those in H − ) should be fermionic. Also the multiplication operators a.z and the derivative operators b.∂ z , for a ∈ V * and b ∈ V interchange H + and H − so are Fermi-Bose operators. Consequently the correct multi-particle Hilbert space (the Fock algebra) for us is the tensor product of the symmetric tensor algebra based on H + with the exterior algebra based on H − . In particular an entire function f (z 1 , z 2 , . . . , z k ) would only be required to be skew in certain of its arguments iff it is also odd in each of those arguments. The relevant algebra of operators is now the graded Lie algebra generated by the odd operators z and z, which are second quantized as odd derivations of the Fock algebra. The graded Lie algebra is then the quotient of the free graded Lie algebra generated by these operators modulo the relations given by the one-particle commutation relations [38] . Using indices, its even generators are the following operators:
These even generators generate the ordinary quaternionic unitary Lie algebra, U(2n, H), of real dimension 2n(4n + 1). This raises the possibility of a hierarchy of theories, where the multiparticle states of one level, k, say, constitute the single-particle states at level 2k. In this sense the Zhang-Hu four-dimensional theory could be construed as the theory of quantum ensembles of two dimensional theories of the quantum Hall effect.
Complex twistor geometry; the Plucker quadric Q
Let V be a vector space over a field F, of finite dimension n. We associate to V the following entities:
• V * the dual space of V.
• GL(V) the group of all isomorphisms of V.
• Gr(k, V) the Grassmanian of all k-dimensional subspaces of V, where k is an integer in the range 0 ≤ k ≤ n.
• PV the projective space of V: PV = Gr(1, V).
• For X ⊂ V, we put Gr(k, X ) = {x ∈ Gr(k, V); x ∩ (X − {0}) = φ}; we abbreviate Gr(1, X ) by PX , called the projective image of X ; also, for x ∈ V − {0}, we abbreviate P{x} by Px.
• Ω k (V), the k-th exterior power of V, for any non-negative integer k, where we take Ω 0 (V) = F and Ω 1 (V) = V.
• The map ω
, which for any x ∈ Gr(k, V) with basis {v i : i = 1, 2, . . . , k}, maps x to the element of PΩ k (V) given as the projective image of the exterior product Π k i=1 v i .
• The spaces Gr(k, V * ), which may be identified with Gr(n − k, V).
For this work, we study twistor space, which may be considered to be a complex vector space T of complex dimension four. Its natural symmetry group GL(T ) has complex dimension sixteen. We associate to T the following:
• The affine Plucker quadric, AQ, is the subset of Ω 2 (T ) consisting of all X ∈ Ω 2 (T ), such that X ∧ X = 0. AQ is a five dimensional submanifold Ω 2 (T ), singular only at the origin.
• The Plucker quadric Q, is the projective image of AQ in PΩ 2 (T ). Then Q is a holomorphic four dimensional submanifold of PΩ 2 (T ) and an orbit for GL(T ).
• The map ω 2 T : Gr(2, T ) → PΩ 2 (T ) has image Q and gives a natural isomorphism of Gr(2, T ) with Q, equivariant with respect to the natural actions of GL(T ).
• The space Q has a natural holomorphic, conformally flat, conformal structure, such that, for x and y in Gr(2, T ), the points ω 2 T (x) and ω 2 T (y) in Q are null related (connected by a null geodesic), iff x + y = T .
• In general, there is no natural metric representing the conformal structure of Q. However, if a symplectic form S is given on T , then the tensor g s , given by the formula: (S ∧ S).(dX ∧ dX) = (S.X) 2 g S , defined for X ∈ Ω 2 (T ), with S.X = 0, induces, on restriction to AQ, a canonical representative of the conformal structure of Q, also called g S , defined globally, except on the non-null hypersurface Q S , with equation S.X = 0. Then g S gives Q − Q S a metric of constant non-zero curvature.
• The natural symmetry group preserving the metric g S is now the subgroup of GL(T ), preserving S. This is a complex symplectic group of complex dimension ten. It acts on Q − Q S as the complex orthogonal group SO(5, C).
The Euclidean reality structure; the sphere Q E ; the symmetry reduction from GL(T , H) to Spin(5, R)
Given a twistor space T , a Euclidean reality structure is a quaternionic conjugation on T : a complex antilinear, real linear isomorphism of T with square minus the identity. The conjugation gives T the structure of a two-dimensional quaternionic vector space. For a tensor τ based on T , denote its conjugate by τ .
• Then the are no non-zero real twistors, but there is a real four dimensional part of the Plucker quadric, denoted Q E , topologically a four-sphere. This is the four-sphere of the Zhang-Hu theory.
• The symmetry group is now GL(T , H) the Lie group of all isomorphisms of T preserving the quaternionic conjugation. It has real dimension 16 and is isomorphic to the Lie group of all invertible 2×2 matrices of quaternions. It contains Spin(1, 5, R) as a normal subgroup of real co-dimension one.
• If now T is equipped also with a symplectic structure S, that is real and positive definite with respect to the quaternionic conjugation (so S = S and S(z, z) > 0, for any non-zero z ∈ T ), then the symmetry group reduces to the quaternionic unitary group U(2, H), which is isomorphic to the group Spin(5, R). In this case the natural metric g S of the Plucker quadric, associated to S, gives the real four-sphere its standard (real) round metric.
The Lorentzian reality structure; the hyperquadric; the spacetime Q L ; the action of SO(4, R)
Given a twistor space T , a Lorentzian reality structure is a conjugation mapping T to T * and vice-versa, such that the conjugate of the conjugate of a twistor gives back the original twistor and such that the conjugation has signature (2, 2): if Z ∈ T , with conjugate Z ′ ∈ T * , then the hermitian form Z ′ .Z can be diagonalized as |a| 2 + |b| 2 − |c| 2 − |d| 2 , where (a, b, c, d) ∈ C 4 are the co-ordinates of Z, with respect to a suitable basis for T . For a tensor τ based on T , denote its Lorentzian conjugate by τ ′ . The twistor space T separates into three spaces, T ± and N and the projective space PT into the corresponding projective images, PT ± and PN :
• T ± consists of all twistors for which ±Z ′ .Z > 0. The spaces T ± and PT ± are open complex submanifolds of T and PT , respectively.
• N consists of all null twistors: those that obey Z ′ .Z = 0. N is closed and is the common boundary of T ± . Away from the origin, N is a smooth real hypersurface and has a Levi-form of signature (+, −, 0).
• PN is the compact hyperquadric of indefinite Levi-form, with flat ChernMoser-Webster connection. The real analytic manifold PN has real dimension five and has topology S 3 ×S 2 . PN is closed in PT and is the common boundary of PT ± . Its Fefferman conformal structure is defined on S 3 × S 3 and may be taken to be π * 1 (g) − π * 2 (g), where g is the round metric of S 3 and π 1 : S 3 × S 3 → S 3 and π 2 : S 3 × S 3 → S 3 are the natural projections given by the formulas: π 1 (x, y) = π 2 (y, x) = x, for any (x, y) ∈ S 3 × S 3 .
A point ω 2 T (x) of the Plucker quadric (with x ∈ Gr(2, T )) is said to be real iff the twistor hermitian form vanishes on restriction to x, iff the plane x lies in N .
• There is a four dimensional family Q L of real points, and the complex conformal structure of the Plucker quadric induces a real Lorentzian conformal structure on Q L , which is then a conformal compactification of real Minkowski space-time.
• The space Q L may be realized concretely as the group U(2, C), with the conformally flat Lorentzian metric g = − 1 4 det(θ), where θ is the MaurerCartan form of U(2, C), regarded as an anti-hermitian 2 by 2 matrix of oneforms. g is both left and right invariant under the action of U(2, C) on itself.
• The symmetry group is now U(2, 2, C), the group of all isomorphisms of T preserving the hermitian form Z ′ .Z. It acts on Q L as the conformal group.
• In terms of the Plucker quadric, the projective null twistors PZ, for Z = 0 in N are represented by the elements X = 0 in AQ, representing real points, such that X ∧ Z = 0. For a fixed Z, these points form a topological circle and constitute a null geodesic on Q L . This gives a natural isomorphism between PN and the space of all null geodesics in Q L .
• In the language of U(2, C), a null geodesic through the identity is the one parameter subgroup [N] = {exp(itN); t ∈ R} where N is a rank-one hermitian matrix (the null geodesics through other points are obtained from those passing through the identity by left translation). The one-parameter subgroup [N] is periodic in the parameter t, with period
. Then the correspondence between PN and the space of null geodesics of Q L may be described explicitly as follows.
-The points of N may be described by pairs (α, β) where α and β are elements of C 2 , such that |α| 2 = |β| 2 .
-Then each point of PN is the projective image of an (α, β) ∈ N , where both α and β are non-zero.
-The null geodesic corresponding to (α, β) is the set of all X ∈ U(2, C) such that det(X)α = Xβ.
• When Q L is represented as U(2, C), it carries an isometric action of SO(4, R), where SO(4, R) is regarded as the quotient of SU (2, C) × SU (2, C) by the identification of each (A, B) ∈ SU (2, C) × SU (2, C) with (−A, −B): the action is X → AXB −1 , defined for any X ∈ U(2, C), where A and B lie in SU (2, C): the pair (A, B) and (−A, −B) give the same action, so the action passes down the quotient group SO(4, R).
• Note that the SO(4, R) action on U(2, C) preserves det(X), so the spacelike hypersurfaces det(X) = constant are SO(4, R) invariant.
• The induced action on PN corresponding to the pair (A, B) is (α, β) → (Aα, Bβ).
• Finally note that the points in U(2, C) along any null geodesic take each possible value of det(X) exactly once, so the space PN is fibred over every surface det(X) = constant.
The twistor fibration
When the twistor space T has a quaternionic conjugation, the space T −{0} fibres naturally over the real part of AQ and over Q E , the latter being the Euclidean real part of the Plucker quadric. The natural projections map Z ∈ T − {0} to:
• Z ∧ Z in AQ ; the fibre is a three-sphere: the ensemble of all linear combinations ρZ + σZ with (ρ, σ) ∈ C 2 and |ρ| 2 + |σ| 2 = 1.
• Span(Z, Z) in Gr(2, T ); the fibre is C 2 − {0}: the ensemble of all linear combinations ρZ + σZ with (ρ, σ) ∈ C 2 − {0}.
• P(Z ∧ Z) in the Plucker quadric; the fibre is C 2 − {0}: the ensemble of all linear combinations ρZ + σZ with (ρ, σ) ∈ C 2 − {0}.
This fibration is the key to the Zhang-Hu approach: a holomorphic function of Z is thought of as a generalized "function" on the four-sphere, where the point of the four-sphere Q E associated to Z is precisely P(Z ∧ Z).
Combining the reality structures
The group U(2, 2, C) maps epimorphically to the group SO(2, 4, R). The group GL(2, H) maps epimorphically to SO(5, R). The two groups SO(2, 4, R) and SO(5, R) clearly have the group SO(4, R) in common. So it is possible, as seen by Zhang and Hu, that breaking the symmetry of the Zhang-Hu theory down to SO(4, R) allows one to connect with relativity. This may be done by choosing a stratification of the four-sphere by level surfaces of a function invariant under SO(4, R), but not the full group SO(5, R). Geometrically, this may be achieved by using the Lorentzian and Euclidean reality structures of T simultaneously.
If Z → Z and Z → Z ′ are the Lorentzian and Euclidean reality structures, respectively, then we require:
• The two structures should commute:
′ .
• The complex-linear map from T to T * , Z ∈ T → (Z) ′ ∈ T * should be symplectic.
If now the twistor is null with respect to the Lorentzian structure: Z ′ .Z = 0, then the entire plane spanned by Z and Z (with Z = 0) is also null, so it is real with respect to both structures. The signature of the hermitian form Z ′ .Z when restricted to the plane through Z and Z is one of only three types (positive definite, negative definite, or identically zero). Projectively, the positive definite planes foliate PT + , the negative definite planes foliate PT − and the planes with trivial hermitian form, foliate PN . These then give a preferred three real dimensional space-like hypersurface in Q L and constitute the intersection of Q L and Q E in Q.
From the point of view of Minkowski spacetime, there are two slightly different ways of regarding these structures, depending on where one places the vertex of the null cone at infinity. To explain these, we will use the usual description of twistors by means of pairs of Lorentzian spinors.
Recall that there are two spin spaces, S and S ′ (called the unprimed and primed spinor spaces, respectively), each vector spaces of two complex dimensions, each equipped with symplectic forms, denoted ǫ and ǫ ′ , respectively, such that complex conjugation interchanges S and S ′ and ǫ and ǫ ′ . They carry the fundamental representations of the group SL(2, C). We also need the dual spaces S * and (S ′ ) * called the unprimed and primed co-spin spaces, respectively. These are equipped with the inverse symplectic forms ǫ −1 and (ǫ ′ ) −1 , respectively. The real vector representation of SL(2, C) is the self-conjugate part of S ⊗ C S ′ , for which g = ǫ⊗ C ǫ ′ provides a real Lorentzian metric. Using indices, an element of S would be denoted ω A , its conjugate in S ′ by ω A ′ and a (real or complex) vector by t AA ′ , which is abbreviated t a . Indices are raised and lowered using the symplectic structures ǫ AB and ǫ Using spinors, a twistor Z and a dual twistor W can be described as spinor pairs:
• A twistor: Z = (ω, π), consisting of elements ω ∈ S and π ∈ (S ′ ) * .
• A dual twistor: W = (α, β) consisting of elements α ∈ S * and β ∈ S ′ .
• The dual pairing is then: W.Z = α.ω + π.β.
• Using indices, we write:
• The Lorentzian conjugation is standard:
The two representations of the Euclidean conjugation are then as follows:
• For the first, we take the Euclidean conjugation to be given by the formula:
, where t a is a real future pointing timelike vector of Lorentzian squared length two: t a t a = 2. Then we have (Z)
, where the components of T αβ are as follows:
Evidently T αβ is self-conjugate, skew and symplectic, as required and the conjugations obey the required compatibility conditions.
• For the second representation, we take the Euclidean conjugation to be given by the formula:
, where the components of U αβ are as follows:
Evidently U αβ is self-conjugate, skew and symplectic, as required and the conjugations obey the required compatibility conditions.
The positive definite hermitian form on T is given in both cases by the formula:
• In the first case, the corresponding symplectic form, such that ω(Z, Z) = ω αβ Z α Z β is given by the formula ω αβ = −U αβ .
• In the second case, the symplectic form is ω αβ = −T αβ .
Turning to the quantum commutation relations, written using indices, these are:
Writing these out in terms of the basic spinors ω A and π A ′ , the relations turn out to be the same for each of the two cases. The non-zero commutation relations are:
Quantization has ω A and π A ′ as multiplication operators on entire functions of Z α , whereas the quantities ω A ′ and π A are quantized as derivative operators:
The twistor norm N = Z ′ .Z = π A ω A +ω A ′ π A ′ has the unambiguous quantization:
This formula is most easily understood by introducing new variables:
Then we have the two inner product formulas:
The twistor is now represented by the spinor pair
) in the first case and
) in the second case. Then the operator N acts simply on the spinors α A and β A :
In the U(2, C) formalism, discussed above, the spinors α A and β A carry the fundamental representations of the product group SU (2, C) × SU (2, C), one trivial on the first factor of the product, the other trivial on the second factor.
Finally the quantum commutation relations are:
The other commutators: of α A with α B , of α A with β B and of β A with β B and all their conjugates, all are zero. These commutation relations are manifestly invariant under the action of the group SU (2, C) × SU (2, C).
The abstract formulation of the particle-hole operators for the edge-states
Consider a Grassman variable θ ranging over a finite dimensional Hilbert space. The number operator giving the number of particles in a state is N = θ.δ θ . If now the identity operator I is broken up into m pieces: I = m k=1 J k , where each J k , for k = 1, 2, . . . , m is a projection operator, then the number operator is similarly broken up:
The application here is to the Zhang-Hu Hilbert space, which at level r (for us r is odd) has dimension
. This forms an irreducible representation of U(2, H). When we break the symmetry down to SO(4, R), the Hilbert space will decompose into irreducible representations of the smaller group. There is then a corresponding decomposition of the number operator. Putting together two such pieces gives the particle-hole operator described by Zhang and Hu. Here the required breaking of the symmetry can be achieved at the classical level by foliating the four-sphere into three-spheres, using the level surfaces of the classical function Z ′ .Z (or projectively the function
), precisely the function used in ordinary twistor theory to define the null twistors. However the Zhang-Hu theory requires that this be done at the quantum level. Then we need the quantum operator corresponding to Z ′ .Z. But, using the variables of the last section, this is just the operator N = α So at level r, the edge states will employ polynomials f p,q (α A , β A ), homogeneous of degree p in α A and q in β A , where p and q are non-negative integers such that p + q = r. These form a representation of the Lie group SU (2, C) × SU (2, C) of complex dimension (p + 1)(q + 1).
Next we write the Grassman variable at level r as θ α 1 α 2 ...αr , which is symmetric its indices, with the corresponding derivation δ β 1 β 2 ...βr (also symmetric), such that
βr) . Then the splitting of the twistor space T into the direct sum T = S ⊕ S, corresponding to writing the twistor Z α as the pair (α A , β A ) gives a splitting of the Kronecker delta tensor δ β α = P β α + Q β α , where P β α acts as the identity on the first term in the direct sum and kills the second term, whereas Q β α kills the first term and acts as the identity on the second. In turn, this splitting gives the splitting of the identity operator δ
βr) for the representation T r :
For convenience, we also write these expressions in index-free language. For any Z = (α, β) ∈ T and W = (ρ, σ) ∈ T * , with α ∈ S, β ∈ S, ρ ∈ S * and σ ∈ S * , we have:
Then the Zhang-Hu edge operator E p,q,p ′ q ′ (Z, Z) is a derivation of degree zero of the Grassmann algebra that is local in twistor space, in the sense that it depends on the choice of a twistor Z. Here p, q, p ′ and q ′ are non-negative integers such that p + q = p ′ + q ′ = r. Explicitly, the edge operator is given by the formula:
Here E(Z, Z) r is the r-fold totally symmetrized tensor product of the tensor E(Z, Z) ∈ T ⊗ T * and, in turn, the tensor E(Z, Z) is given by the formula, valid for any twistor T :
Then the Hamiltonian Z ′ .Z provides the evolution of the edge operator: explicitly if Z = (α, β), then the evolution Z(t) with parameter t is Z(t) = (e it α, e −it β).
Discussion: the twistor fluid, points and time asymmetry
In the foregoing sections, we have recast and generalized the Zhang-Hu theory of the four dimensional quantum Hall effect. All the main features of their theory have been retained. At the same time we have made some significant changes.
• We have deployed the standard relation of spin to statistics, so the theory presented here would only be fermionic at level r if r is odd.
• We have not had to use the basic 't Hooft-Polyakov Yang-Mills instanton at all. The reason that we can do this successfully follows from a remarkable property of that instanton, most easily seen by understanding it from the point of view of standard twistor theory. Thanks to the beautiful discovery of Ward, anti-self-dual Yang-Mills fields are encoded in twistor theory by means of suitable holomorphic vector bundles over twistor space [36] . In the case of the basic 't Hooft-Polyakov instanton used by Zhang and Hu, it is well known that the twistor description of this instanton is achieved by the so-called "null correlation bundle".
Specifically we select a (constant) symplectic form ω in T . Then for each projective twistor PZ, with Z ∈ T − {0}, there is naturally associated a projective plane Z * = ω(Z, ) in PT , which (since ω is skew) passes through the point PZ itself. Then the space of all projective lines that pass through PZ and lie in the plane Z * is a complex projective line. We have one such projective line for each projective twistor PZ. This gives a bundle PB over PT , with fibre the complex projective line. There is a naturally associated vector bundle B, with fibre C 2 whose projective bundle is PB. This vector bundle is the called the null correlation bundle and by the Ward correspondence gives rise to the standard instanton in complexified Minkowski spacetime. Further, if appropriate reality conditions are applied (quaternionic conjugation on twistor space, etc.) then this instanton gives an everywhere smooth SU (2, C) anti-self-dual solution of the Yang-Mills equations on the four-sphere. The reality condition in particular requires that the symplectic form be real with respect to the Euclidean conjugation of twistor space. Then we have precisely the instanton used by Zhang and Hu. The point here is that the only information in this instanton field is the symplectic form itself and it is only the symplectic form that is needed to develop the theory.
• Having eliminated the Yang-Mills field, the remaining theory is purely geometrical. There is no "isospin space" per se. This is replaced by two things: first the symplectic form used implicitly by Zhang and Hu for their YangMills field is retained and gives the four-sphere (which a priori has only a conformally flat structure) its round metric. Secondly the twistors are fully geometrical: they are pairs of spinors, where the spinors are spinors responsive to the conformal and metrical geometry.
• The present geometrical reformulation of the Zhang-Hu theory has important consequences when we go beyond flat space. The simplest way to do this is to deform away from (suitable parts of) projective three-space. Then the structure needed for the theory is precisely that needed for solutions of the Euclidean vacuum Einstein equations with anti-self-dual Weyl curvature and with cosmological constant: equivalently these are gravitational instantons: it was shown by Ward and Le Brun that the only structure needed for this in twistor space is a symplectic form on the twistor space (the analogous theory without cosmological constant is essentially a limiting case and was developed earlier by Newman and Penrose; it uses a pair of degenerate Poisson and degenerate symplectic structures), together with appropriate reality conditions [32] - [37] . So the arena here is that of gravity not (immediately) of Yang-Mills theory.
• Perhaps the most striking aspect of the theory presented here is that it is a theory in twistor space. The spacetime used in the theory is a derived consequence, not the fundamental ingredient. This is definitely in accord with general twistor philosophy, which predicts that indeed spacetime is a derived concept. Here we may well have a quantum liquid, but the liquid is not in spacetime, rather it is in the twistor space itself. Also the edgestates of Zhang and Hu are associated with the quantum analogue of the surface Z ′ .Z = cω(Z, Z), with c a constant. This surface is a CR submanifold of T , called a hyperquadric and gives a model of the space of null geodesics in Minkowski spacetime. Thus if we think of the edge-states as in some sense providing deformations of the boundary, they are associated with deformations of the CR-structure: thus with first cohomology and thus with massless particles, since it is well known that the first CR-cohomology groups in twistor space encapsulate the zero rest mass field equations, for arbitrary helicity. In fact one can go further: the quantum liquid approach may explain why it is precisely these groups which are so important.
• Note that it is critical in the Zhang-Hu theory (and here) that it is not just the classical surface Z ′ .Z = cω(Z, Z) that is relevant, but the corresponding quantum operator equation. That this is so, is crystallized in their key formula: px 5 = m 1 + m 2 − m 3 − m 4 which determines the latitude x 5 of the edge in terms of integers associated with with the description of their states: so the latitude is quantized. However the classical hyperquadric is probably more relevant when certain thermodynamic limits are taken.
• This brings us, finally, to the question of the physical interpretation of the present theory. This has to do with the nature and consequences of the thermodyamic limits to be taken in the theory. We have not yet analyzed these in detail: this is a major task for the future, for which we have just laid out some of the ground rules. We should note that the single edge in the style of Zhang and Hu is unlikely to be the last word in the matter, just as it is not in the two-dimensional theory. More likely is either a multiplicity of edges or a multiplicity of liquids separated from other liquids: so we need to ask whether or not this is a multi-universe theory. For the moment I would rather take the more conservative approach that there is a single liquid, with a multitude (not necessarily countable) of edges. Later one could investigate the more speculative multi-universe scenario probably implicit in having a multiplicity of liquids. Even within the single liquid model, one might think that there is a multitude of universes, each associated with one of the edges. However I prefer to focus on the following working hypotheses:
-Each edge is to be associated with a point of spacetime.
-The quantum liquid glues spacetime together.
-The Zhang-Hu theory is associated with an instant of time. As time evolves, so does the liquid and the spacetime, hopefully in accordance with Einstein's gravity, this being the non-linear theory to go with the linear theory of Zhang and Hu.
-The evolution is naturally chiral and time asymmetric.
The point at issue is the nature of the thermodynamic limit: there are two main possibilities, it would seem: first that the edge stays "large" in twistor space, asymptotically becoming, say, the classical surface Z ′ .Z = 0 and second that the edge shrinks around a particular projective line in the twistor space: the analogous concept in the Zhang-Hu approach is that the edge shrinks around a preferred point of the four-sphere, say the "north pole".
One should note here that hyperquadrics, which are flat in the sense of Chern-Moser, Webster and Fefferman lie arbitrarily close to any given projective line in projective three-space. Although ultimately both kinds of limit may play a role, I prefer the scenario where the edge focusses down at a point. Also there are many possible complicating factors, which need to be considered: for example two or more "edges", each corresponding to the neighborhood of a line, may overlap.
The association with an instant of time seems natural from the way the theory is set up: it is essentially Euclidean and the intersection with a spacetime of Minkowskian type takes place on a spacelike hypersurface.
That the theory should be chiral and time asymmetric seems natural in that, for all the edges, the quantum fluid is on one side of the edge and not the other. This is analogous in conventional twistor theory to preferring, say, PT + to PT − ; but it is well known that one space corresponds to positive energy, the other to negative and one refers to positive helicity, the other to negative. The arrow of time would then be uniform, for all points in spacetime (for a single fluid).
• Finally there is the question of the connection with the remainder of physics.
Recently the author conjectured a possible unification of disparate ideas in physics and mathematics, particularly string theory and the Grothendieck theory of "dessins d'enfants", where the main structure is that of the pseudoKahler twistor spaces associated to null hypersurfaces in spacetime, (principally the null cones of points) [26] - [28] . To make this unification possible seems to requires a certain accommodation on behalf of string theory: particularly liberation from excessively special backgrounds and liberation from compactness in the "internal dimensions" and also a realization in twistor theory that the twistor spaces in question may be devoid of the usual four parameter family of points, expected from the naive application of the Kodaira-Newman-Penrose theory [32] - [34] . The complete spacetime is then made up of a web of interconnecting such twistor spaces. Since each such space is intuitively associated with a particular point of spacetime, this approach would seem to be more or less compatible with the quantum liquid picture, presented above, the liquid providing the framework, in some sense, for the web of twistor spaces and giving a mechanism for the conjectured time and chiral asymmetry.
